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The Gauss–Bonnet–Chern mass of higher
codimension graphical manifolds
Alexandre de Sousa1 Frederico Gira˜o2
Abstract
We give an explicit formula for the Gauss–Bonnet–Chern mass of an
asymptotically flat graphical manifold of arbitrary codimension and use it
to prove the positive mass theorem and the Penrose inequality for graphs
with flat normal bundle.
1 Introduction
A complete Riemannian manifold (Mn, g), n ≥ 3, is said to be asymptotically
flat of order τ (with one end) if there exists a compact subset K of M and a
diffeomorphism Ψ : M \ K → Rn \ B1(0), introducing coordinates in M \ K,
say x = (x1, . . . , xn), such that, in these coordinates,
gij = δij + σij (1)
and
|σij |+ |x||σij,k|+ |x|2|σij,kl | = O(|x|−τ ), (2)
where the σij ’s are the coefficients of σ with respect to x, σij,k = ∂σij/∂xk,
σij,kl = ∂
2σij/∂xk∂xl, and | | is the standard Euclidean norm. The ADM mass
of (M, g), introduced by Arnowitt, Deser and Misner in [3] (see also [19]) is
defined by
mADM =
1
2(n− 1)ωn−1 limr→∞
∫
Sr
(gij,i − gii,j)νjdSr, (3)
where ωn−1 is the volume of the unit sphere of dimension (n − 1), Sr is the
Euclidean coordinate sphere of radius r, dSr is the volume form of Sr induced
by the Euclidean metric, and ν = r−1x is the outward unit normal to Sr (with
respect to the Euclidean metric).
It is known that if τ > (n− 2)/2 and the scalar curvature of (M, g) is inte-
grable, then the limit (3) exists, is finite, and is a geometric invariant, that is,
two coordinate systems satisfying (1) and (2) yield the same value for it [4, 9].
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One of the most important conjectures in Mathematical General Relativity
is the famous Positive Mass Conjecture (PMC):
Conjecture 1. If (Mn, g), n ≥ 3, is an asymptotically flat Riemannian mani-
fold of order τ > (n−2)/2 whose scalar curvature is nonnegative and integrable,
then the ADM mass of (M, g) is nonnegative. Moreover, if the mass is zero,
then (M, g) is isometric to the Euclidean space (Rn, δ).
The PMC was settled by Schoen and Yau when n ≤ 7 [28] and when (M, g)
is conformally flat [29], and by Witten whenM is spin [30] (see also [26] and [8]).
Very elegant proofs for the case when (M, g) is an Euclidean graph were given
by Lam [22] (see also [10]) for graphs of codimension one and by Mirandola and
Vito´rio [24] for graphs of arbitrary codimension with flat normal bundle (notice
that the case of graphs also follows from Witten’s argument, since an Euclidean
graph is spin). The case of Euclidean hypersurfaces (not necessarily graphs),
including the rigidity statement, was treated in [16], under appropriate decay
conditions.
The Penrose Inequality (PI) is a conjectured sharpening of the PMC when
(M, g) has a compact boundary Γ which is an outermost minimal hypersurface.
Conjecture 2. If (Mn, g), n ≥ 3, is an asymptotically flat Riemannian man-
ifold of order τ > (n − 2)/2 whose scalar curvature is nonnegative (and inte-
grable), and Γ is a (possibly disconnected) outermost minimal hypersurface of
area A, then
mADM ≥ 1
2
(
A
ωn−1
)n−2
n−1
.
Moreover, if the equality holds, then (M, g) is isometric to the Riemannian
Schwarzschild manifold.
The PI was proved by Huisken and Ilmanen [18] for n = 3 and Γ connected,
and by Bray [5] for n = 3 and general Γ. In [6], Bray and Lee established
the conjecture when n ≤ 7, with the extra requirement that M be spin for
the rigidity statement. The case of Euclidean graphs of codimension one was
treated by Lam in [22] (see also [10]) and generalized by Mirandola and Vito´rio
for graphs of arbitrary codimension with flat normal bundle [24]. The equality
case for graphs of codimension one was treated in [17].
In [13], a new mass for asymptotically flat Riemannian manifolds, named
Gauss–Bonnet–Chern mass, was introduced. For a positive integer q ≤ n/2,
consider the q-th Gauss–Bonnet curvature, denoted L(q), and defined by
L(q) =
1
2q
δ
a1a2···a2q
b1b2···b2q
(
q∏
s=1
R b2s−1b2sa2s−1a2s
)
= P ijkl(q) Rijkl , (4)
where R is the Riemann curvature tensor of (M, g) and P(q), which has the same
symmetries of the Riemann tensor (see [13], Section 3), is given by
P ijkl(q) =
1
2q
δ
a1a2···a2q−3a2q−2ij
b1b2···b2q−3b2q−2b2q−1b2q
(
q−1∏
s=1
R b2s−1b2sa2s−1a2s
)
gb2q−1kgb2ql. (5)
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Remark 1. One can considerably simplify this complicated tensorial expression
by rewriting it in the language of double forms, which are a special type of vector
valued forms (see [21], for example).
The q-th Gauss–Bonnet–Chern mass (GBC mass) of (M, g) is defined by
mq = cq(n) lim
r→∞
∫
Sr
P ijkl(q) gjk,lνidSr, (6)
where
cq(n) =
(n− 2q)!
2q−1(n− 1)!ωn−1 (7)
and Sr, dSr, ν and ωn−1 are as in the definition of the ADM mass.
As observed in [13], m1 coincides with the ADM mass. In the same article,
the authors show that, if τ > (n − 2q)/(q + 1) and L(q) is integrable, then the
limit (6) exists, is finite, and is a geometric invariant. Next, we state versions
of the PMC and PI for the GBC mass. We start with the version of the PMC.
Conjecture 3. Let n and q be integers such that n ≥ 3 and 1 ≤ q < n/2. If
(Mn, g) is an asymptotically flat Riemannian manifold of order τ > (n−2q)/(q+
1) whose q-th Gauss–Bonnet curvature L(q) is nonnegative and integrable, then
the q-th GBC mass of (M, g) is nonnegative. Moreover, if the mass is zero, then
(M, g) is isometric to the Euclidean space (Rn, δ).
Before we state the analogue of the PI, we recall the Riemannian manifold
known as the q-th Riemannian Schwarzschild [13, Section 6], which is (R ×
Sn−1, gqSch) with
gqSch =
(
1 +
m
2r
n
q
−2
) 4q
n−2q (
dr2 + r2dθ2
)
,
where dθ2 is the round metric on Sn−1 and m ∈ R is the mass parameter. Let
r0 = (2m)
q
n−2q . The hypersurface r = r0 is an outermost minimal hypersurface
of area A = ωn−1r
n−1
0 , and the q-th GBC mass of (R× Sn−1, gqSch) is mq = mq.
Thus, for the q-th Riemannian Schwarzschild manifold, one has
mq =
1
2q
(
A
ωn−1
)n−2q
n−1
.
We can now state the version of the PI for the GBC mass.
Conjecture 4. Let n and q be integers such that n ≥ 3 and 1 ≤ q < n/2. If
(Mn, g) is an asymptotically flat Riemannian manifold of order τ > (n−2q)/(q+
1) whose q-th Gauss–Bonnet curvature L(q) is nonnegative and integrable, and
Γ is a (possibly disconnected) outermost minimal hypersurface of area A, then
mq ≥ 1
2q
(
A
ωn−1
)n−2q
n−1
,
where mq is the q-th GBC mass. Moreover, if the equality holds, then (M, g) is
isometric to the q-th Riemannian Schwarzschild manifold.
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We now turn to the special case of graphs. Let Ω be a (possibly empty)
bounded open subset of Rn such that Σ = ∂Ω is the union of finitely many
smooth connected hypersurfaces. Let f : Rn \ Ω → Rm be a continuous map
such that its restriction to Rn \ Ω is smooth. Let fα, 1 ≤ α ≤ m, be the
components of f and let fαi , f
α
ij and f
α
ijk denote the first, second and third
partial derivatives of fα on Rn \ Ω, where 1 ≤ i, j, k ≤ n. The map f is said to
be asymptotically flat of order τ if
|fαi (x)| + |fαij(x)||x| + |fαijk(x)||x|2 = O(|x|−τ/2), (8)
for each α ∈ {1, . . . ,m} and each triple (i, j, k) with 1 ≤ i, j, k ≤ n.
We assume throughout the paper that
M = {(x, f(x)); x ∈ Rn \ Ω, f(x) ∈ Rm},
the graph of f , is a smooth submanifold with (possibly empty) boundary and
that gij = δij + f
α
i f
α
j , the metric induced by the Euclidean metric on R
n+m,
extends to a smooth metric on M . Notice that if f is asymptotically flat of
order τ , then from (8) we get that (M, g) is asymptotically flat of order τ .
Conjectures 3 and 4 were proved for graphs of codimension one [13]. When
q = 2, Li, Wei and Xiong proved these conjectures for graphs of higher codi-
mension with flat normal bundle [23]. Conjecture 3 is also known to be true for
conformally flat manifolds [12].
The purpose of the present article is to prove conjectures 3 and 4 for a family
of higher codimension Euclidean graphs (without the rigidity statements). This
family includes the graphs with flat normal bundle. The exposition follows
closely the ones given in [22], [24], [13] and [23]. Before stating our main results,
we need to introduce some notation.
Denote by {ei}ni=1 the standard basis of Rn and by {eα}mα=1 the standard
basis of Rm. The coordinate vector fields onM are given by ∂i = (ei, f
α
i eα), and
the vector fields ηα = (−Dfα, eα), where Dfα denotes the Euclidean gradient
of fα, give us a (global) frame field for the normal bundle of M . We denote by
B the second fundamental form of M , by Bα its α-th component with respect
to the frame {ηα}nα=1, and by Aα the shape operator with respect to ηα. Also,
let U = (Uαβ) be the metric on the normal bundle induced by the Euclidean
metric 〈 , 〉 on Rn+m. The components of U are given by
Uαβ = δαβ + 〈Dfα, Dfβ〉.
The inverse of U is denoted by (Uαβ).
Recall the Gauss and the Ricci equations, which are respectively given by
Rijkl = 〈Bik, Bjl〉 − 〈Bil, Bjk〉 (9)
and
〈R⊥αβ(X), Y 〉 = 〈[Aβ , Aα] (X), Y 〉, (10)
where 〈 , 〉 is the Euclidean metric on Rn+m, R⊥ is the normal curvature operator
and [Aβ , Aα] = Aα ◦Aβ −Aβ ◦Aα.
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We denote by T(2q−1) the Newton tensor of order (2q − 1) and denote by
T(2q−1)α its α-th component with respect to the frame {ηα}nα=1 (see [14] and
[7]). The expression for T(2q−1) in coordinates is
T j(2q−1)i =
1
(2q − 1)!δ
a1···a2q−1j
b1···b2q−1i
〈Bb1a1 , Bb2a2〉 · · · 〈Bb2q−3a2q−3 , Bb2q−2a2q−2 〉Bb2q−1a2q−1 , (11)
where 〈 , 〉 denotes the Euclidean metric on Rn+m. As we will see in Section 2, if
M has flat normal bundle, then T(2q−1)α commutes with Aβ , for 1 ≤ α, β ≤ m.
We can now state the main results of the article. Our first main result is the
following:
Theorem 1. Let n and q be integers such that n ≥ 3 and 1 ≤ q < n/2, and
let (M, g) be the graph of an asymptotically flat map f : Rn → Rm of order
τ > (n − 2q)/(q + 1). If the q-th Gauss–Bonnet curvature L(q) of (M, g) is
integrable, then the q-th Gauss–Bonnet–Chern mass mq satisfies
mq =
1
2
cq(n)
∫
M
(
L(q) + (2q − 1)!
〈[
T(2q−1)α, Aβ
] · e⊤α , e⊤β 〉) 1√
G
dM, (12)
where cq(n) is the constant (7), G is the determinant of (gij),
[
T(2q−1)α, Aβ
]
=
T(2q−1)α ◦ Aβ − Aβ ◦ T(2q−1)α is the commutator of the operators T(2q−1)α and
Aβ, and e
⊤
α is the tangent part (along the graph M) of the canonical lift to
Rn+m ≡ Rn × Rm of the standard frame field on Rm. Moreover, if M has flat
normal bundle and L(q) is nonnegative, then mq is nonnegative.
Remark 2. Notice that, since the graph structure is used in the definition of
the vector fields ηα, the tensor
[
T(2q−1)α, Aβ
]
is defined only for graphs. It is
desirable to find an expression similar to (12) that holds for any asymptotically
flat submanifold (not necessarily a graph), but we were unable to do it. One
strategy in order to do this is to rewrite
[
T(2q−1)α, Aβ
]
in such a way that it also
makes sense for submanifolds which are not necessarily graphs and try proving
that (12) also holds in this case. Another strategy is to find a similar expression
for the mass by considering, instead of the vector field (25) used to get (12), one
which is defined for any submanifold (compare, for example, the vector fields
considered in [22] and [10]).
Let Σ ⊂ Rn be an orientable hypersurface and let ξ be a unit normal vector
field along Σ (chosen to point outwards, whenever this makes sense). The r-th
mean curvature of Σ is defined as the r-th elementary symmetric function on
the principal curvatures of Σ. Alternatively, if K is the second fundamental
form of Σ ⊂ Rn, then
Hr =
1
r!
δa1···arb1···br
r∏
s=1
Kbsas . (13)
The hypersurface Σ ⊂ Rn is called strictly p-mean convex, 1 ≤ p ≤ n− 1, if
Hr > 0 for all 1 ≤ r ≤ p. Our second main result is the following:
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Theorem 2. Let n and q be integers such that n ≥ 3 and 1 ≤ q < n/2. Let Ω be
a bounded and open subset of Rn such that Σ = ∂Ω is the union of finitely many
smooth connected hypersurfaces. Let f : Rn \Ω→ Rm be an asymptotically flat
map of order τ > (n − 2q)/(q + 1), and let (M, g) be the graph of f . Assume
that f extends smoothly to an open set containing Rn \Ω and that f is constant
along each connected component of Σ. If the q-th Gauss–Bonnet curvature L(q)
is integrable, then the q-th Gauss–Bonnet–Chern mass mq satisfies
mq =
1
2
cq(n)
∫
M
(
L(q) + (2q − 1)!
〈[
T(2q−1)α, Aβ
] · e⊤α , e⊤β 〉) 1√
G
dM
+
1
2
(2q − 1)!cq(n)
∫
Σ
( |Df |2
1 + |Df |2
)q
H(2q−1)dΣ,
where
|Df |2 =
m∑
α=1
|Dfα|2
and H(2q−1) is the (2q − 1)-th mean curvature of Σ.
Our third main result is the following:
Theorem 3. Let n and q be integers such that n ≥ 3 and 1 ≤ q < n/2. Let Ω
be a bounded and open subset of Rn such that Σ = ∂Ω is the union of finitely
many smooth hypersurfaces. Let f : Rn \Ω→ Rm be an asymptotically flat map
of order τ > (n− 2q)/(q + 1), and let (M, g) be the graph of f . Assume that f
is constant along each connected component of Σ and that
|Df | → ∞ as x→ Σ.
If the q-th Gauss-Bonnet curvature L(q) is integrable, then the q-th Gauss-
Bonnet-Chern mass mq satisfies
mq =
1
2
cq(n)
∫
M
(
L(q) + (2q − 1)!
〈[
T(2q−1)α, Aβ
] · e⊤α , e⊤β 〉) 1√
G
dM
+
1
2
(2q − 1)!cq(n)
∫
Σ
H(2q−1)dΣ, (14)
where H(2q−1) is the (2q − 1)-th mean curvature of Σ. Furthermore, if M has
flat normal bundle, L(q) is nonnegative and each component of Σ is star-shaped
and strictly (2q − 1)-mean convex, then
mq ≥ 1
2q
(
A
ωn−1
)n−2q
n−1
. (15)
Remark 3. As explained in [13] (Remark 5.1), when Σ ⊂ Rn is stricly mean
convex, the condition
|Df | → ∞ as x→ ∂Ω (16)
holds if and only if Γ = ∂M is an outermost minimal hypersurface. Therefore,
this is a natural assumption.
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Remark 4. Geometrically, condition (16) is equivalent to saying that along each
connected component of ∂M , the graph M meets orthogonally the hyperplane
that contains that component (see [11]).
2 Auxiliary results
Let n and q be positive integers such that n ≥ 3 and 1 ≤ q < n/2. Through-
out this section, the tensors P(q) and T(2q−1) are defined by equations (5) and
(11), respectively. Also, unless stated otherwise, we will follow the notation
introduced in Section 1.
If Ω is not empty, we assume, throughout this section, that f extends
smoothly to an open set containing Rn \ Ω.
Lemma 1. Under the notation introduced above, the following identities hold:
gjk,l = f
α
jlf
α
k + f
α
j f
α
kl (17)
e⊤α = ∇fα = gijfαj ∂i = Uαβfβi ∂i (18)
Aα∂i = f
α
ikg
kj∂i (19)
B(∂i, ∂j) = f
α
ijU
αβηβ (20)
(Bα)ij = f
α
ij (21)
Γkij = g
klfαl f
α
ij (22)
∇e⊤α = 〈B, eα〉 (23)
Proof. Identities (17) - (22) are proven in [24] and [23] and identity (23) is
proved in [25] (Proposition 4.1.1).
On an open set that contains Rn \Ω, consider the vector field X(q) given by
X(q) = X
i
(q)∂i = P
ijkl
(q) gjk,l∂i. (24)
Proposition 1. It holds
X(q) =
1
2
(2q − 1)! T(2q−1)α · e⊤α . (25)
Proof. By (24) and (17) we have
X i(q) = P
ijkl
(q)
(
fαjlf
α
k + f
α
j f
α
kl
)
.
Using the antisymmetry of P ijkl(q) with respect to the indices k and l, we have
X i(q) = P
ijkl
(q) f
α
jlf
α
k .
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Combining this identity with (5), (19) and (18), we find
X i(q) =
1
2q
δ
a1a2···a2q−3a2q−2ij
b1b2···b2q−3b2q−2cd
(
q−1∏
s=1
R b2s−1b2sa2s−1a2s
)
gckgdlfαjlf
α
k
=
1
2q
δ
a1a2···a2q−3a2q−2ij
b1b2···b2q−3b2q−2cd
(
q−1∏
s=1
R b2s−1b2sa2s−1a2s
)
gdlfαjlg
ckfαk
=
1
2q
δ
a1a2···a2q−3a2q−2ij
b1b2···b2q−3b2q−2cd
(
q−1∏
s=1
R b2s−1b2sa2s−1a2s
)
(Aα)
d
j g
ckfαk
=
1
2q
δ
a1a2···a2q−3a2q−2ij
b1b2···b2q−3b2q−2cd
(
q−1∏
s=1
R b2s−1b2sa2s−1a2s
)
(Aα)
d
j (∇fα)c .
Hence, using (9), (11), (18) and switching i with j and c with d, we find
X i(q) =
2q−1
2q
δ
a1a2···a2q−3a2q−2ij
b1b2···b2q−3b2q−2cd
(
q−1∏
s=1
〈Bb2s−1a2s−1 , Bb2sa2s〉
)
(Aα)
d
j (∇fα)c
=
1
2
δ
a1a2···a2q−3a2q−2ji
b1b2···b2q−3b2q−2dc
(
q−1∏
s=1
〈Bb2s−1a2s−1 , Bb2sa2s〉
)
(Aα)
d
j (∇fα)c
=
1
2
(2q − 1)! (T(2q−1)α)ic (∇fα)c
=
1
2
(2q − 1)! (T(2q−1)α · ∇fα)i
=
1
2
(2q − 1)! (T(2q−1)α · e⊤α )i .
The next identity is a higher codimensional version of Proposition 3.5 (b) in
[27] (see also [1], Section 8).
Proposition 2. It holds
diveX =
1
2
L(q) +
1
2
(2q − 1)! 〈[T(2q−1)α, Aβ] · e⊤α , e⊤β 〉 ,
where dive denotes the Euclidean divergence.
Proof. Using the identity
diveX(q) = ∂iX
i
(q)
and the identities (18), (21) and (22), we have
divgX(q) = ∇iX i(q) = ∂iX i(q) + ΓiijXj(q)
= diveX(q) + (e
⊤
β )
i(Bβ)ijX
j
(q)
= diveX(q) +
〈
Aβ ·X(q), e⊤β
〉
= diveX(q) +
1
2
(2q − 1)! 〈(Aβ ◦ T(2q−1)α) · e⊤α , e⊤β 〉 .
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By the expression for the vector field X(q) established in the previous proposi-
tion, it follows that
divgX(q) =
1
2
(2q − 1)! divg
(
T(2q−1)β · e⊤β
)
=
1
2
(2q − 1)![divg (T(2q−1)β) · e⊤β + T(2q−1)β · ∇e⊤β ].
By (18) and (23), the identities
∇e⊤β = 〈B, eβ〉 = Uγα〈ηγ , eβ〉Bα = UβαBα
hold. Therefore, the Gauss equation together with identities (11) and (4) give
T(2q−1)β · ∇e⊤β = UβαT(2q−1)β ·Bα =
1
(2q − 1)!L(q).
Thus,
diveX(q) =
1
2
L(q)+
1
2
(2q−1)! [divg (T(2q−1)β) · e⊤β − 〈(Aβ ◦ T(2q−1)α) · e⊤α , e⊤β 〉] .
Recall that the Newton tensors of a submanifold of Euclidean space are diver-
gence free (see, for example, lemmata 3.1 and 3.2 of [7]) and that each of the
fields in the normal frame is given by the expression ηβ = (−Dfβ , eβ). Hence,
using identity (18), we have(
divgT(2q−1)β
)
j
= ∇i
(
T(2q−1)β
)i
j
= ∇i
〈(
T(2q−1)
)i
j
, ηβ
〉
=
〈
∇⊥i
(
T(2q−1)
)i
j
, ηβ
〉
+
〈(
T(2q−1)
)i
j
,∇⊥i ηβ
〉
=
〈(
div T(2q−1)
)
j
, ηβ
〉
+ Uγα
(
T(2q−1)α
)i
j
〈
ηγ , D¯iηβ
〉
=
(
T(2q−1)α
)i
j
Uγαfγk f
β
ik =
(
T(2q−1)α
)i
j
(
e⊤α
)k
(Bβ)ik
=
((
T(2q−1)α ◦Aβ
) · e⊤α )j ,
where D¯ is the Levi-Civita connection of the ambient space Rn+m ≡ Rn ×Rm.
Therefore,
diveX(q) =
1
2
L(q) +
1
2
(2q − 1)! 〈(T(2q−1)α ◦Aβ −Aβ ◦ T(2q−1)α) · e⊤α , e⊤β 〉
=
1
2
L(q) +
1
2
(2q − 1)! 〈[T(2q−1)α, Aβ] · e⊤α , e⊤β 〉 .
Proposition 3. For a level set Σ ⊂ Rn in the domain of a euclidean graph, the
identity
〈X(q), ξ〉 = −
1
2
(2q − 1)!
( |Df |2
1 + |Df |2
)q
H(2q−1)
holds, where ξ denotes a unit normal vector field along Σ (chosen to point out-
wards, whenever this makes sense).
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Proof. We have
〈X(q), ξ〉 =
1
2
(2q − 1)! (T(2q−1)α · e⊤α )i ξi.
Let x ∈ Σ. Rotate the coordinates such that, at x, e1 = ξ and {eA}nA=2 is an
orthonormal frame for the tangent space of Σ at x. With respect to this new
frame {ei}ni=1 on Rn,
ξi = δ
1
i ,
for i = 1, . . . , n. Thus,
〈X(q), ξ〉 =
1
2
(2q − 1)! (T(2q−1)α · e⊤α )1 .
As in section 4 of [23], we find that the inverse of g is given by
g11 =
1
1 + |Df |2 , g
A1 = 0, and gAB = δAB.
It follows that
e⊤α =
fα1
1 + |Df |2 ∂1 =
〈Dfα, ξ〉
1 + |Df |2 ∂1.
Therefore,
〈X(q), ξ〉 =
1
2
(2q − 1)! 〈Df
α, ξ〉
1 + |Df |2
(
T(2q−1)α
)1
1
.
Since
(
T(2q−1)α
)1
1
=
1
2q−1
1
(2q − 1)!δ
a1···a2q−11
b1···b2q−11
(
q−1∏
s=1
R b2s−1b2sa2s−1a2s
)
(Aα)
b2q−1
a2q−1
,
using the antisymmetry of δ
a1···a2q−11
b1···b2q−11
we find that
(
T(2q−1)α
)1
1
=
1
2q−1
1
(2q − 1)!δ
A1···A2q−11
B1···B2q−11
(
q−1∏
s=1
R
B2s−1B2s
A2s−1A2s
)
(Aα)
B2q−1
A2q−1
.
Recall that the generalized Kronecker delta is a determinant. Using the q-th
column to expand it, we find
δ
A1···A2q−11
B1···B2q−11
= δ
A1···A2q−1
B1···B2q−1
.
Hence,
(
T(2q−1)α
)1
1
=
1
2q−1
1
(2q − 1)!δ
A1···A2q−1
B1···B2q−1
(
q−1∏
s=1
R
B2s−1B2s
A2s−1A2s
)
(Aα)
B2q−1
A2q−1
.
Let Rˆ denote the Riemann curvature tensor of Σ, and denote by K and K˜,
respectively, the second fundamental form of Σ as a hypersurface of Rn and the
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second fundamental form of f(Σ) as a hypersurface of (M, g). By equations
(4.3) and (4.4) of [23], we have
K˜ =
K√
1 + |Df |2 .
and
R CDAB =
|Df |2
1 + |Df |2 Rˆ
CD
AB .
Thus, plugging into the expression for
(
T(2q−1)α
)1
1
, we find
(
T(2q−1)α
)1
1
=
1
2q−1
1
(2q − 1)!
( |Df |2
1 + |Df |2
)q−1
× δA1···A2q−1B1···B2q−1
(
q−1∏
s=1
Rˆ
B2s−1B2s
A2s−1A2s
)
(Aα)
B2q−1
A2q−1
.
From
ηα = eα −Dfα = eα − 〈Dfα, ξ〉ξ,
it follows that
(Aα)
B
A = −〈Dfα, ξ〉KBA .
Also, the Gauss equation applied to Σ ⊂ Rn yields
Rˆ CDAB = K
C
AK
D
B −KDAKCB .
We then conclude that
(
T(2q−1)α
)1
1
=− 1
2q−1
1
(2q − 1)! 〈Df
α, ξ〉
( |Df |2
1 + |Df |2
)q−1
× δA1···A2q−1B1···B2q−1
(
q−1∏
s=1
Rˆ
B2s−1B2s
A2s−1A2s
)
(K)
B2q−1
A2q−1
=− 1
(2q − 1)! 〈Df
α, ξ〉
( |Df |2
1 + |Df |2
)q−1
× δA1···A2q−1B1···B2q−1
(
q−1∏
s=1
K
B2s−1
A2s−1
KB2sA2s
)
K
B2q−1
A2q−1
= − 〈Dfα, ξ〉
( |Df |2
1 + |Df |2
)q−1
H(2q−1),
where we have used the expression (13) to obtain the last equality. It follows
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that
〈X(q), ξ〉 =
1
2
(2q − 1)! 〈Df
α, ξ〉
1 + |Df |2
(
T(2q−1)α
)1
1
= −1
2
(2q − 1)! 〈Df
α, ξ〉2
1 + |Df |2
( |Df |2
1 + |Df |2
)q−1
H(2q−1)
= −1
2
(2q − 1)!
( |Df |2
1 + |Df |2
)q
H(2q−1),
where, to obtain the last equality, we have used that
Dfα = 〈Dfα, ξ〉ξ
implies
|Df |2 =
∑
α
〈Dfα, ξ〉2.
Remark 5. In Proposition 3, the expression |Df |2/ (1 + |Df |2) is the cosine of
the angle between the graph and the hyperplane containing its boundary (see
[11]).
3 Proof of the theorems
Suppose first that M has no boundary. Let Sr be an Euclidean coordinate
sphere of radius r. By (6), (24) and the divergence theorem we have
mq = cq(n) lim
r→∞
∫
Sr
X i(q)ξidSr
= cq(n)
∫
Rn
diveX(q)dV,
where dV denotes the Euclidean volume form. Thus, invoking Proposition 2
and using that
dV =
1√
G
dM, (26)
we find
mq =
1
2
cq(n)
∫
M
(
L(q) + (2q − 1)!〈
[
T(2q−1)α, Aβ
] · e⊤α , e⊤β 〉) 1√
G
dM,
which is exactly the first part of Theorem 1.
To prove the second part of Theorem 1, notice that, from equations 3 and 6
of [2], the tensor T(2q−1)α can be written as a polynomial on the Aα’s. Also, if
M has flat normal bundle, then the Ricci equation (10) yields
[Aα, Aβ ] = 0, (27)
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for all α, β ∈ {1, . . . ,m}. Thus, using (27) several times, we find[
T(2q−1)α, Aβ
]
= 0,
for all α, β ∈ {1, . . . ,m}. Hence, equation (12) becomes
mq =
1
2
cq(n)
∫
M
L(q)
1√
G
dM.
Therefore, if L(q) is nonnegative, then mq is nonnegative. This finishes the proof
of Theorem 1.
Suppose now that ∂M is not empty and that f can be extended to a smooth
map on some open set containing Rn \Ω. This assumption allows us to use the
results of Section 2. Equations (6), (24) and the divergence theorem yield
mq = cq(n) lim
r→∞
∫
Sr
X i(q)νidSr
= cq(n)
∫
Rn\Ω
diveX(q)dV − cq(n)
∫
Σ
〈X(q), ξ〉dΣ.
Invoking Proposition 2, Proposition 3 and equation (26), we get
mq =
1
2
cq(n)
∫
M
(
L(q) + (2q − 1)!〈
[
T(2q−1)α, Aβ
] · e⊤α , e⊤β 〉) 1√
G
dM
+
1
2
(2q − 1)!cq(n)
∫
Σ
( |Df |2
1 + |Df |2
)q
H(2q−1)dΣ. (28)
This finishes the proof of Theorem 2.
Let us now prove Theorem 3. We cannot use equation (28) directly, since,
by hypothesis,
|Df | → ∞ as x→ Σ,
and hence, it is not possible to extend f to a smooth function on some open
set containing Rn \ Ω. To circumvent this problem, we proceed as in the last
section of [24]. Namely, we consider an approximating sequence
F k =
(
f1,k, . . . , fm,k
)
: Rn \ Ω→ Rm,
k ∈ N, of smooth maps such that each F k extends to a smooth map on some
open set containing Rn \ Ω. We then apply (28) to each F k and take the limit
as k →∞, reaching (14).
It remains to prove inequality (15). If Σ has only one component then, by a
result of Guan and Li [15], it holds
1
2
(2q − 1)!cq(n)
∫
Σ
H(2q−1)dΣ ≥
1
2q
( |Σ|
ωn−1
)n−2q
n−1
, (29)
with equality holding if and only if Σ is a round sphere.
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Suppose now that Σ has more than one component. Recall that if x1, . . . , xm
are nonnegative real numbers and 0 ≤ s < 1 then
m∑
i=1
xsi ≥
(
m∑
i=1
xi
)s
, (30)
with equality holding if and only if at most one of the xi’s is positive (see [20],
Proposition 5.2). Inequality (15) then follows by combining inequalities (29)
and (30).
Remark 6. Unfortunately our methods are not suitable to deal with the equal-
ity cases, that is, to prove the rigidity statements contained in conjectures 3 and
4. If equality holds in Theorem 1, then we can only conclude that the Gauss–
Bonnet curvature L(q) is identically zero. If equality holds in Theorem 3, then
we can only conclude that L(q) is zero onM and that Σ has only one component
which is a round sphere.
References
[1] L. J. Al´ıas, J. H. S. de Lira, and J. M. Malacarne. Constant higher-
order mean curvature hypersurfaces in Riemannian spaces. J. Inst. Math.
Jussieu, 5(4):527–562, 2006.
[2] K. Andrzejewski, W. Koz lowski, and K. Niedzia lomski. Generalized New-
ton transformation and its applications to extrinsic geometry. Asian J.
Math., 20(2):293–322, 2016.
[3] R. Arnowitt, S. Deser, and C. W. Misner. Coordinate invariance and energy
expressions in general relativity. Phys. Rev. (2), 122:997–1006, 1961.
[4] R. Bartnik. The mass of an asymptotically flat manifold. Comm. Pure
Appl. Math., 39(5):661–693, 1986.
[5] H. L. Bray. Proof of the Riemannian Penrose inequality using the positive
mass theorem. J. Differential Geom., 59(2):177–267, 2001.
[6] H. L. Bray and D. A. Lee. On the Riemannian Penrose inequality in
dimensions less than eight. Duke Math. J., 148(1):81–106, 2009.
[7] L. Cao and H. Li. r-minimal submanifolds in space forms. Ann. Global
Anal. Geom., 32(4):311–341, 2007.
[8] Y. Choquet-Bruhat. Positive-energy theorems. In Relativity, groups and
topology, II (Les Houches, 1983), pages 739–785. North-Holland, Amster-
dam, 1984.
[9] P. Chrus´ciel. Boundary conditions at spatial infinity from a Hamiltonian
point of view. In Topological properties and global structure of space-time
(Erice, 1985), volume 138 of NATO Adv. Sci. Inst. Ser. B Phys., pages
49–59. Plenum, New York, 1986.
14
[10] L. L. de Lima and F. Gira˜o. The ADM mass of asymptotically flat hyper-
surfaces. Trans. Amer. Math. Soc., 367(9):6247–6266, 2015.
[11] A. de Sousa. Um breve estudo sobre a massa de Gauss–Bonnet–Chern dos
gra´ficos euclidianos. PhD thesis, Universidade Federal do Ceara´, 2016.
[12] Y. Ge, G. Wang, and J. Wu. The Gauss-Bonnet-Chern mass of conformally
flat manifolds. Int. Math. Res. Not. IMRN, (17):4855–4878, 2014.
[13] Y. Ge, G. Wang, and J. Wu. A new mass for asymptotically flat manifolds.
Adv. Math., 266:84–119, 2014.
[14] J.-F. Grosjean. Upper bounds for the first eigenvalue of the Laplacian on
compact submanifolds. Pacific J. Math., 206(1):93–112, 2002.
[15] P. Guan and J. Li. The quermassintegral inequalities for k-convex star-
shaped domains. Adv. Math., 221(5):1725–1732, 2009.
[16] L.-H. Huang and D. Wu. Hypersurfaces with nonnegative scalar curvature.
J. Differential Geom., 95(2):249–278, 2013.
[17] L.-H. Huang and D. Wu. The equality case of the Penrose inequality for
asymptotically flat graphs. Trans. Amer. Math. Soc., 367(1):31–47, 2015.
[18] G. Huisken and T. Ilmanen. The inverse mean curvature flow and the
Riemannian Penrose inequality. J. Differential Geom., 59(3):353–437, 2001.
[19] J. L. Jaramillo and E. Gourgoulhon. Mass and angular momentum in
general relativity. In Mass and Motion in General Relativity, volume 162
of Fundamental Theories of Physics, pages 87–124. Springer Netherlands,
2011.
[20] L.-H. Huang and D. Wu. The equality case of the Penrose inequality for
asymptotically flat graphs. Trans. Amer. Math. Soc., 367(1):31–47, 2015.
[21] M. L. Labbi. On Gauss-Bonnet curvatures. SIGMA Symmetry Integrability
Geom. Methods Appl., 3:Paper 118, 11 pp., 2007.
[22] M.-K. G. Lam. The Graph Cases of the Riemannian Positive Mass and
Penrose Inequalities in All Dimensions. ProQuest LLC, Ann Arbor, MI,
2011. Thesis (Ph.D.)–Duke University.
[23] H. Li, Y. Wei, and C. Xiong. The Gauss-Bonnet-Chern mass for graphic
manifolds. Ann. Global Anal. Geom., 45(4):251–266, 2014.
[24] H. Mirandola and F. Vito´rio. The positive mass theorem and Penrose
inequality for graphical manifolds. Comm. Anal. Geom., 23(2):273–292,
2015.
[25] R. S. Palais and C.-l. Terng. Critical Point Theory and Submanifold Ge-
ometry. Lecture Notes in Mathematics 1353. Springer, 1988.
15
[26] T. Parker and C. H. Taubes. On Witten’s proof of the positive energy
theorem. Comm. Math. Phys., 84(2):223–238, 1982.
[27] R. C. Reilly. On the Hessian of a function and the curvatures of its graph.
Michigan Math. J., 20:373–383, 1973.
[28] R. Schoen and S. T. Yau. On the proof of the positive mass conjecture in
general relativity. Comm. Math. Phys., 65(1):45–76, 1979.
[29] R. Schoen and S.-T. Yau. Conformally flat manifolds, Kleinian groups and
scalar curvature. Invent. Math., 92(1):47–71, 1988.
[30] E. Witten. A new proof of the positive energy theorem. Comm. Math.
Phys., 80(3):381–402, 1981.
Alexandre de Sousa
Universidade Federal de Alagoas
a.asm@protonmail.com
Frederico Gira˜o
Universidade Federal do Ceara´
fred@mat.ufc.br
16
